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1 Introduction 


Recently, Guo &: Wu [3 studied the existence and uniqueness of global solution (u, v, si, S 2 ) to the 
following free boundary problem 

( 


Ut - dlUxx = riu{l -u - kv), 
vt - d2Vxx = r 2 v{l -V- hu), 

Ux{t,0) = Vx{t,0) = 0, 
s[{t) = -HiUx{t,Si{t)), S 2 it) = -fi2Vxit,S2it)), t>0 


t > 0, 0 < X < si{t), 
t > 0, 0 < X < S2{t), 


t > 0, 


t > 0, 


rt = 0 for X > si(t), u = 0 for x > S 2 {t), 
u(0, x) = uo(x), x(0, x) = xo(x), xG[0,oo), 

si(0) = > 0, 52 ( 0 ) = 5° > 0, 

where the parameters are positive constants, and uo{x),vo{x) satisfy 

uo G s?]), 'u'o(0) = 0, rto(x) > 0 in [0,s?), no(x) = 0 in [s?,oo), 

xo G S 2 ])) 'i'o(O) = 0) > 0 in [0,53), xo(x) = 0 in [53,00). 

Furthermore, Guo &: Wu [3 and Wu [3 investigated the long time behavior of (tt,x, 51,52) for the 
cases 0 < k < 1 < h and 0 < A:, h < 1, respectively. 

By use of the arguments of [3 Theorem 2.1] we can prove that 53(t) > 0, and 

(x,X,5i,52) G X ^ ^^^^2^ 

where = {t > 0, 0 < x < 5j(t)}. Moreover, there exists a positive constant C such that 

•)llci([0,s2(t)]) < C*) V t > 1, 

|Sl> S2llc“/2([n+l,n-r3]) - V n > 0. 

We still study the long time behavior of (u, v, 5i, 52) and provide some new results and simpler 
proofs. This short paper can be considered as the supplements of papers BM- 
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2 Preliminaries 


Proposition 1 ([71 Proposition 2.1]) Let d, r, a be fixed positive constants. For any given e, L > 0, 
there exists fi > max{L, \ \/dj(ra) } such that, when a non-negative function z satisfies 

{ zt - dzxx > rz{a - z), t > 0, 0 < x < k, 

Zxit,0)=0, z{t,fi)>0, t>0 

and z{0,x) > 0 in {0,le), then liminft^oo 3:) > a — e uniformly on [0, Lj. 


Proposition 2 ([HIS]) For any given d, a,b,pL > 0, the problem 

/ 

dq" — cq' + q{a — bq) = 0 , 0 < y < oo, 

< q{0) = 0 , q'( 0 ) = cl[i, q{oo) = a/b, ( 2 ) 

c E {0,2'/ad); q'{y) > 0, 0 < y < oo 


has a unique solution {q,c). Denote 7 = {y,a,b,d) and c = 0 ( 7 ). Then 0 ( 7 ) is strictly increasing 
in pL and a, respectively, and is strictly decreasing in b. Moreover, 


To simplify the notations, we define 


(3) 


ci(/x,a) = c(/i,a,ri,di), C 2 {y.,a) = c{iJ,,a,r 2 ,d 2 ). 
If 0 < A: < 1, in view of ([3|), it is easy to see that 


lim ci{pi,ri{l - k)) = 2^/d^rfifi^^, lim 02 (^ 2 ,'^ 2 ) = 0 . 


By the monotonicity of 0 ( 7 ) in /r, there exist ^ 1,^2 > 0 such that ci(/ii,ri(l — k)) > C 2 {pi 2 ,f' 2 ) for 
all pti > and 0 < p ,2 < ^ 2 - Therefore, [/U^,oo) x ( 0 ,^ 2 ] T where 

A = {(|Ui,/i 2 ) : hi,h 2 > 0, ci(^i,ri(l - k)) > 02(^2,r 2 )}- (4) 

Same as |3l[9], we define = lim sfit), i = 1,2, and 






di 


ri(l — k) 


if /c < 1 , 



d2 


r2(l - h) 


if /i < 1 . 


In order to convenient writing, for any given constant r > 0 and function f{t), we set 


D( = {it,x) : t>T, 0<x< f{t)}. 


3 Main results and their proofs 

Using the estimates © and |5l Lemma 3.1], we have 
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Theorem 1 If < oo < oo). Then 

lim max u(t,-)=0 ( lim max v(t,-)=0]. 

[ 0 ,si(t)] Vt^oo [ 0 ,s 2 (t)] / 

Theorem 2 //s^ < oo, = oo < oo, = oo), then limt^oo = 1 (limt^ooa;) = 

1 ) uniformly in any compact subset of [ 0 , oo). 

Proof. Let z{t) be the unique solution of 

z^ = riz{l-z), t > 0] 2;(0 ) = ||uo||l<x=. 

Then z(t) —>■ 1 as t ^ oo. The comparison principle leads to 

limsupn(t, x) < 1 uniformly in [0,oo). (5) 

t^OO 

For any given 0 < e, J <C 1 and L > 0, let Is be given by Proposition [1] with d = di, r = ri and 
a = 1 — k6. Since = oo, lim^^oo maxjo^sjp)] v{t, •) = 0 (Theorem [T]) and u = 0 for x > S 2 {t), 
there exists T ;§> 1 such that si(t) > Is and v{t,x) < 5 in [T, oo) x [0, oo). Thus, u satisfies 

{ ut — diUxx > 'ri?x(l — k6 — u), t > T, 0 < x < Is, 

Ux{t,0) = 0, u{t,ls)>0, t>T. 

In view of Proposition[Tl we have lim inf^^oo u{t, x) > 1—kS—e uniformly on [0, L]. The arbitrariness 
of L, e and 6 imply that lim inf^^oo u(t,x) > 1 uniformly in any compact subset of [0, oo). Remember 
dS]), the desired result is obtained. □ 

Utilizing the iteration methods used in the proof of [3 Theorem 2.4] we can prove the following 
theorem and the details will be omitted. 

Theorem 3 Assume sf^ = s^ = oo. For any given L > 0, the following hold: 

(i) if0<h,k<l, then limt^^u{t,x) = jE^, lim^^ooa:) = uniformly in [0,L]; 

(ii) if0<h<l<k, then limt^ooa:) = 0, lim^^ooa;) = 1 uniformly in [0,L]; 

(hi) i /0 < k < 1 < h, then u{t,x) = 1, limt^oo ^^(i, a:) = 0 uniformly in [0,L]. 

Theorem 4 (i) If < sf^ < oo, then s^ = oo. If S 2 < s^ < oo, then = oo. As the 
consequence, < oo and > S 2 imply s^ = 00 , < 00 and imply s^ = 00 ; 

(ii) If k < 1 and > si, then = 00 . If h < 1 and > S 2 , then = 00 . 

Proof, (i) We only prove the first conclusion. Because of sf^ > s^, there exist 0 < e <S 1 and 
T S> 1 such that 1 — ke > 0 and si(t) > t > T. Assume on the contrary 

that < 00 . Then limi^oo max[o^s 2 (t)] u(f, •) = 0 by Theorem [T1 There exists Ti > T such that 
v{t,x) < e in Therefore, (tt,si) satisfies 

Ut — diUxx > riu{l — u — ke), t > Ti, 0 < x < sift), 

< Ua,(t,0) = u(t,si(t)) = 0, t>ri, 

^ s[{t) = -piUxft, si{t)), t>Ti. 

Since si(T,) > we have sf^ = 00 ([21 Theorem 3.4]). A contradiction. 

(ii) The proof is similar to that of (i) since the estimate ([5]) holds true for v. Please refer to the 
proof of the following Theorem [5] for details. m 
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Corollary 1 (i) If one of and > S2 holds, then either = 00 or = 00; 

(ii) If k,h < I and > si, s® > § 2 , then = 00. 

Theorem 0 ] and Corollary [ 1 ] are the improvements of O Theorem 2 ] and [ 9 l Theorem 1 , Propo¬ 
sitions 4 and 5 ], and our proofs are very simple. 

To facilitate writing, for r > 0 , we introduce the following free boundary problem 

wt — dwxx = rw{a — w), 

Wxit,0)=0, w{t,g{t))=0, 

< 

g'[t) = -gwx{t,g{t)), 

_ g{T) = go, w{t, x) = Wo(x), 

and set A = (r, d, r, a, fJ.,go). 

Theorem 5 Let 0 < k < 1 < h and {g,i,g, 2 ) G A, 

= 00 and < 00. 

Proof. Note that k < 1, > si and (/ii,^2) G A, there exist 0 < eo ^ 1 and to 1 such 

that si(t) and 

k{l + £)<l, ci{fii,riae) > C2{iJ,2,r2) 

for all t > to and 0 < e < eo; where Og = 1 — A:(l -|- e). Since the estimate ([ 5 |) holds true for v, for 

each fixed 0 < e < eo; there exists ti > to such that v{t, x) < 1 -t- e in [ti, 00) x [0,00). 

Let {wi,gi) be the unique solution of ([U]) with A = (ti, di,ri,a^, gi, si(ti)) and tco(x) = u{ti,x). 
Then si(t) > gi{t), u{t,x) > wi{t,x) in Df^, and 51(00) = 00 since 51 (ti) > Conse¬ 
quently, = 00. Take advantage of [ini Theorem 3 . 1 ], it is deduced that, as t —00, 

5i(t) - ctp G M, ||u;i(t,x)-5(ct-Fp-x)||ioo([o,gj(t)]) 0 , ( 7 ) 

where {q,c) is the unique solution of ([2]) with 7 = (/ii,riUe,ri,di), i.e., c = ci(;Ui,ria^). 

Assume on the contrary that = 00. We first prove 

lim maxi;(t, •) = 0. (8) 

t^oo[0,oo) 

Let {w,g) be the unique solution of ([6]) with A = ( 0 , ^2^2, 1 , A2) and wo{x) = vo{x). Then 
w{t,x) > v{t,x), g{t) > S 2 {t) in Dg^. Hence, 5(00) = 00. It follows from [TOl Theorem 3 . 1 ] that 

lim {g{t) — ct) = p £ R, with c = C 2 {p- 2 , ^ 2 )- ( 9 ) 

t^OO 

Thanks to c > c, S 2 {t) < g{t) and Q, it deduces that, as t ^ 00, gi{t) — g{t) —>■ 00 and 

min (ct + p — x) > ct + p — g{t) = (c — c)t + p — p + o(l) —)• 00. 
a:e[0,S2(i)] 

Based on q{y) a^ as y ^ 00, we have limt^oo aiin 3 ,gjo,s 2 (t)] Qi^t + p — x) = a^. It then follows, 
upon using ([ 7 D, that limi^oo min[o_52(t)] wi{t, •) = a^. This implies liminfi^oo min[o_52(i)] u{t, •) > 
since gi{t) > g{t) > S 2 {t) and u{t,x) > wi{t,x) in when T ^ 1 . The arbitrariness of e gives 


t > T, 0 < x < g{t), 


t > T, 
t > T, 


( 6 ) 


0 < X < 50, 


where A is given by (©• If sf^ > si, then 


lim inf min uit, ■) > 1 — k. 

t^QO [0,S2(t)] 


(10) 
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Take t2 > ii such that u{t, x) > 1 — k — e in . Let Og = 1 — h{l — k — e) and {w2,g2) be the 
unique solution of ([6]) with A = {t2,d2,r2,as, ^2, S2{t2)) and wo{x) = v(t2,x). Then S2{t) < g2it), 
v{t,x) < W2{t,x) in Dl^. So, 52(00) = 00. Similarly to the above, 

g2{t) - C2t 52 G \\w2{t,x) - q2{c2t + P2 - a:)||L«.([o,g 2 (t)]) ^ 0 

as t ^ 00, where (52) C2) is the unique solution of ([ 2 |) with 7 = (/r2T2h£, ^’2; f^2)- Then (72(2/) < he, 
and W2{t,x) < + e in Df^ for some > t2. Note S2{t) < g2{t) for t > and C the 

following holds: 


v{t, x) < W 2 {t, x) < + s = 1 — h{l — A:) + (1 + h)s in 

In view of v{t,x) = 0 for x > S 2 {t), and the arbitrariness of e, it follows that 

limsupmaxu(t, •) < 1 ~ h{l — k) := i; 2 . 

t^oo [0,oo) 

When h{l — A:) > 1, we have V 2 < 0, and so ([ 8 ]) holds since u(t, x) > 0. 

Here we deal with the case h{l — k) < 1. There exists t 4 S> 1 such that v{t, x) < i ;2 + e := uf < 1 
in [i 4 ,oo) X [0,00). Obviously, ci(/Ui,ri(l — kv^)) > 02 (^ 2 ,i" 2 )- Similarly to the above, we can get 

liminf min u(t, •) > 1 — A:[l — h{l — k)] := Uo^ 

t—>-oo [0,S2(t)] 

hmsupmaxu(t, •) < 1 — hu 2 •= ^3- 

t^oo [0,oo) 

If hu 2 ^ 1) then U 3 = 0 and ([ 8 |) holds. If hu 2 < 1; repeating the above procedure in the way of the 
proof of [3 Lemma 2.2], we can get ([ 8 ]) eventually. 

For any given 0 < d <C 1 , there exists ts S> 1 such that v(t,x) < 5 in [^5,00) x [ 0 ,00). 
Obviously, ri(l — k5)) > 02(^2, f'2)- Replacing 1 + e by < 5 , similarly to the above we can prove 

u(t, x) > 1 — J in for some tg > ^5- Therefore, 1 — v — hu<l — h{l — d) — u < 0 in because 
of 0 < 5 <C 1 and h > 1. According to [H Lemma 3.2], < 00 is followed. This is a contradiction 

and the proof is finished. q 

Theorem [5] is exactly [3l Theorem 3], and our proof is simpler. 

Similarly to the proof of [U Lemma 2.1], it can be shown that 

0 < si(t) < Kpit + Si, V t > 0, 


where 


AT = 2max{ max{l, ||uo||oo}A/ri/(2di), -minuo(x)}. 

[0,s?] 


Theorem 6 Let di,ri, k, h and fi2 fixed. Then there exists 0 < 51 < y/ 2 d 2 ^/K sueh that, when 

2d2 


0 < Pi < Pl, S 2 — Si > TT 


yj2d2r2 - 


- := L(/ii), 


we have S2{t) > Kpit + + L{pi) —00 as t ^ 00. Moreover, if k < 1 and > si, we also have 

s^ = 00 for all pi > 0. 
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Proof. Denote a = K^i. For the given a G (0, y/2d2^), and these t satisfying S 2 {t) > at + 
we define 

y = x-at-s\, w{t,y) = v{t,x), r]{t) = S 2 it) - at - s^. 

Note that y >0 implies x > si(t) and u(t,x) = 0 for x > si(t), we have 


Wt - d2Wyy - aWy = r 2 w{l - w), t > 0, 0 < y < T/(t), 

< w(t,0) = v(t,at + s'l), w(t,T](t)) = 0, t>0, 

^w{0,y) =vo{0,y + s^^), 0 < y < - s?, 


and w{t, y) > 0 for t > 0 and 0 < y < y(t). Let A be the principal eigenvalue of 

—d24>'' — acf)' — r24> = A 0 , 0 < x < £, 

m = 0 = m- 

The following relation between A and ^ holds: 

TT _ ^4^2 (?’2 + A) - 0-2 


2d2 


Take A = — r 2/2 and define 


= vr- 


2d2 


vr 


4>{y) = e 2 <i 2 ^sin—y. 


V 2 d 2?'2 - cr^ 

Then {ia,4>) satisfies (fTT]l with A = —r 2/2 and i = £„■ Assume — s? > ^o-. Set 

u^(0,y) 1 1 


6rj = min < inf 


- inf 


'tPiy) = da4>{y)- 


.(OTa) 4>iy) ’ 2 (o,£^) (j){y) 

Then 0 < (5(j < oo. It is easy to see that V’(2/) < '^^(0)2/) [0,^0-] and satisfies 

—d2'4’" — ailj' < r 2 V'(l — V')) 0 < X < 

V'(O) = 0 = V'(4)- 


( 11 ) 


Take a maximal a G (0, y/2d2^) so that 

TT (j£ \ 

o-< fi 2 (^a^exp f, VaG( 0 ,CT). ( 12 ) 

For any given cr G (0, a), we claim that y(t) > fo- for all t >0, which implies S 2 {t) > at+s^+ia —)• 
oo. In fact, note y(0) = s® — s? > if our claim is not true, then we can find a fo > 0 such 
that r]{t) > ia for all 0 < f < to and y(to) = ^a- Therefore, y'(fo) < 0, i.e, 52 (^ 0 ) < On the 
other hand, by the comparison principle, we have w{t,y) > tp{y) in [0,to] x [0,f'cr]- Particularly, 
w{to,y) > ipiy) in [Oj-fa]. Due to w{to,ia) = 0 = '^(I’cr), one has 

TT 

'Wy{to,r]{to)) < 'ip'iia) = -6„—exp 

^(7 

It follows, upon using Vx(tQ, S 2 {to)) = Wy(tQ,r](tQ)), that 

TT 

o- > 52 (^ 0 ) = -y2Wy{tQ,ri{tQ)) > /i25(7-^exp 
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It is in contradiction with (jl2ll . 

Take Jii = a/K. Then 0 < /xi < / 2 i is equivalent to 0 < u < d. 

At last, if /c < 1 and > si, then = oo for any > 0 by Theorem [ll[ii) . The proof is 
complete, q 

Theorem [ 6 ] can be regarded as an improvement of O Theorem 5], here we need neither the 
assumption Vq{x) < 0 in [s^, S 2 ]) ^he condition that ^2 is suitably large. Moreover, our proof of 
Theorem [ 6 ] is simpler. 

From the proof of Theorem [ 6 ] it can be seen that if we take a G (0, y/d 2 r 2 ) such that (fT^ holds, 
then = 00 is still true provided that 0 < fii < and s® “ ^ tt ■ 

Theorem [5] demonstrates that when the superior competitor spreads quickly and the inferior 
competitor spreads slowly, the inferior competitor will vanish eventually and the superior competitor 
will spread successfully and occupy the whole space. Take 0<k<h<lm Theorem [ 6 l the 
conclusion indicates that if the superior competitor spreads too slow to catch up with the inferior 
competitor, it may leave enough space for the inferior competitor to survive. 

In the following we will discuss the more accurate limits of (u, u) as t —>■ 00 when = 00. 

By the comparison principle and [21 Theorem 4.2], it can be deduced that 


{ liminf(si(t)/t) > ci(/ii,ri(I — A:)) := Cl if A: < 1 , 

t^oo 

Iiminf(s 2 (t)/A) > C 2 (/i 2 ,^ 2(1 —/i)) := C 2 if h < 1. 

t^oo 

The following two theorems are the improvements of Theorem [3l 


(13) 


Theorem 7 Let di,ri, /ij, k, h be fixed and 0 < k,h < 1. If = 00 , then for each 0 < cq < 

min{ci, C2}, 

lim max \u{t, ■) — (1 — k)/{l — hk)\ = 0, lim max \v{t, •) — (1 — h)/(l — hk)\ = 0. 

t—>-00 [ 0 , Cot] t—>00 [ 0 , Cot] 

Proof. According to 0 < cq < min{c^, C2} and (fTSll . there exist 0 < (Tq 1 and to- 1 such 
that 


Co- := Co + cr < min{ci, C2}, V 0 < u < uo; si(t), S2{t) > c^t^ 'I t >ta-- 

Step 1 : Similar to the above, the estimate ([ 5 ]) holds for v. For any given 0 < e <C 1 , there 
exists ti > 0 such that v{t,x) < 1 + e in [ti,oo) x [ 0 ,00). Enlarging ti if necessary, we may think 
> 1(7777)^^^ w^ere ac = l-k{l + e). 

Step 2 : Let {wi,gi) be the unique solution of ([ 6 |) with A = (ti,di,ri,as, fJ-i, sifti)) and wo{x) = 
u{ti,x). Then si(t) > gi{t), u{t, x) > wi{t, x) in by the comparison principle. And, <71(00) = 00 
since <71 (ti) = si (ti) > f (77^)^^^- By use of [lOl Theorem 3 . 1 ], we get 

- Cet) = p G M, ^hm llu>i(t,x) - qficet + p- x)llL<x.([o,g^(t)]) = 0 , 

where is the unique solution of ([ 2 ]) with 7 = (711,riOg,n, <ii), i.e., c^ = 01(711,ria^). Note 

0 < Co- < Cl , we have Cg > Co- as 0 < e ^ 1 . Thus, <71 (t) — c^t —)• 00 and minjo^ cat] + p — x) ^ 00 
as t —)• 00. Similar to the proof of (IlOp we can derive 

lim inf min u{t, ■) > 1 — k. 

t—^OO [ 0 , Co-l] 




There exists t 2 3> 1 such that 


S 2 {t) > Co-t, u{t, x) > 1 — k — e := b^, V t >t 2 , 0 < x < c^jt. 

Step 3: Similar to the arguments of [3 Lemma 2.1], limsup^^go < 1 ~ hb^ uniformly in 

X G [0,1]. In particular, u(t, 0) < 1 — hb^ + e in [ts, oo) for some > t 2 . Thus, v satisfies 

{ vt - d 2 V^^ <r 2 v{l - hbs - v), t > ts, 0 < x < c^t, 
v{t, 0 ) < 1 — hb^ + e, X < 1 + e, t > 0 < x < Cat. 

We will show that limsup^^oo max[o^ Cp,^/ 2 t] •) ^ 1 “ which leads to 

limsup max v(t, •) < 1 — h{l — k) := V 2 (14) 

t^OO [0,C^/2t] 

since e > 0 is arbitrary. To do this, we choose 0 < <5 <C 1 and define 

ip{t, x) = l-hbe + e + /i 6 £e'^""‘ 3 e< 5 (x-c.t) ^ t>t 3 , 0<x< c^t. 

Evidently, 

max (p{t, •) < 1 — hb^ + e + ^ 1 — hbe + e 

[0,c^/2t] 

as t —oo, and 

(p{t, 0 ) > 1 — hb^ + e, (p{t, Cat) > 1 + e, t > ts; ip{t 3 ,x) >l + e, 0 <x< Cat^. 

Due to 0 < e <C 1, we can think of 1 — hbe + £ > ^[1 ~ h{l — k)]. It is easy to verify that 

- d2'Pxx > r2ip{l - hbe - V’), t>t3, 0 <X < Cat 

provided that 6 satisfies 6{ca + ^ 2 ^) < comparison principle gives v{t,x) < 

ip{t, x) for all t > ts and 0 < x < Cat. So, (fTT)) holds. We write Cai 2 as Ca for the sake of writing. 
Then there exists ^4 > ts such that 

si(t) > Cat, v{t, x) < X2 + e := xf < 4 ) V t > t 4 , 0 < x < Cat. 

Step 4- Because of xl < 1, we have ci(/xi,ri(l — kv^)) > Ca. Take 0 < /r]] < /xi so that 
xi(l — fexi)) = Ca- Let {qa, Ca) be the unique solution of ([2]) with 7 = (/r]], ri(l — kv 2 ),ri, di). 
Owing to si(t) > Cat for all t > t 4 , we can find a function u G C‘^{[0,Cat4]) satisfying u{x) < 
min{(jro-(C(jt 4 — x), u{t 4 ,x)} in [ 0 , Co-t 4 ] and 

tt'(O) = u{Cat4) = 0, u{x) > 0 in [0,Co-t4). 

Let {w 2 ,g 2 ) be the unique solution of ([ 6 ]) with A = (t 4 , di, ri, 1 — kv^, pti,Cat 4 ) and wq{x) = -u(x). 
Then, by use of (TOl Theorem 3.1], 

g2{t) - p G M, ||'W2(La;) - +/o - 2 ;)||l-([o,s2(L]) ^ ^ 

as t ^ 00. Define z(t, x) = qa{cat — x), g{t) = Cat. It is easy to verify that 

f 

zt — diZxx = xi 2 ;(l — kv 2 — z), t > t 4 , 0 < x < g{t), 

< - 2 a;(t, 0 )> 0 , z = 0, g'{t) =-glzx, t>t 4 ,x = g{t), 
g{t4) = g2{t4:), z{t4,x) > u{x) = W2it4:,x), 0 < X < Cat4. 
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By the comparison principle, 

g 2 it) <r}it) = Cat, W2it,x) < z{t,x) = QaiCat - x) m . 

Note that g2{t) < Cat < si{t), W2{t,g2{t)) = 0 < u{t,g2{t)) in [t 4 ,oo), W2{ti,x) < u{t4,x) in 
[0, Cati], and 

ut — diUxx > riu[l — kv 2 — u) in 

We have u > W2 by the comparison principle. Similarly to Step 2, it can be derived that 

liminf min u{t, •) > 1 — kv2 = 1 — k[l — h{l — k)] := U2- 
t^oo [ 0 ,c^/ 2 t] 

Step 5: Define 

til = 1, Ui = 1 — k, Vn = I — hu^_i, u^ = l — kvn, n > 2. 

Then ^ Vn ^ ^ as n ^ oo. Repeating the above process we can prove that 

liminf min u(t, •) > u^, limsup max v(t, •) < Vn, V n > 1. 

t^oo [0, Cot] t^oo [0, Cot] 

Consequently, 

liminf min u{t, •) > {1 — k)/{l — hk), limsup max v{t, •)<(! — h)/{l — hk). 

t->-oo [0, cot] t^oo Jo, cot] 

Similarly, we can show that 

limsup max u{t, •) < (1 — A:)/(l — hk), liminf min v{t, •)>(! — h)/{l — hk). 

t^-oo Jo, cot] t-^oo [0, cot] 

The proof is complete. □ 

Theorem [ 7 ] is an improvement of O Theorem 6 ] in there the condition hk < 1/2 is required. 
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